NOTES ON THE LOGISTIC MAP

MAPS

In science, we use numbers to describe the tate of a system, such as ‘10,132 zebra
fishareinthelake or ‘the asteroid ismoving at 10 kilometers per second and is 32,000
km away from this point.” Given those numbers and a mode or theory for how the
system changesin time, we can predict the future. If we consder making predictions a
regularly spaced intervas or whenever specific conditions are met, we might represent
our knowledge as a map. The map isthe function that predicts the observations a a
gpecific time in the future, based upon the current observations.

Examples:
Clock. Based upon experience, we note that every 3 hours, the little hand on an

anaog clock advancesin angle by aright angle, 90?. So, if we measurethe anglein
degrees (with respect to the up direction), the map can be sated in English as.
“if theangle of thelittle hand is a, then 3 hours later, the measured angle isa+90 (in
clockwise degrees.)”

The shorthand for this might be:
“a? a+90, every 3hours’.

Sowing down of aralling ball. Again, based upon experience, we might find
that arolling bal on alinoleum floor dows down to ¥z of its speed every timeit crossesa
tile. If we measure the speed sin meters per second (m/s), we might write this as:

“s? g2, eachtile”

Repeating maps:

These maps can be repeated (also caled iterated) to predict further into the future.
Y ou can check, in these examples, thata? a + 180 every 6 hoursandthat s?  §/8,
every timetheralling bal crossesthreetiles.

We will use maps stated in this format to smulate how sysems evolvein time.

What we will find isthat amazingly intricate behavior can arise from very smple

maps.




LOGISTIC MAP

We will spend alittle time in this class sudying the famous “logigtic map” and its
relatives.

Much of this discussion was gone over quickly in class on Sept. 12 and it overlaps
very much with the discussion in the book Chaos by Gleick.

Let’s see how the logistic map arises from aamplified anadlyss of population
growth in alimited environment. This andyss will assume areproductive rate that
depends on the available resources. when the population is high, the available resources
are reduced, so that the reproductive success is reduced. Let us assume that the animals
reproduce to give the next generation, then die off before the next generation reproduces.

Let the number of animasat any given generationbe N (whichisredly an
integer, but we will dlow to be any vaue) If there are no restrictions due to reduced
resources, the number of animals in the next generation is assumed to be proportiona to
N — thereis afixed number of children per adult. We can writethisas

N? aN (whenN issmdl) [Equation 1]

This just says thet the number of birthsis proportiond to the total population.

Now, lets say that reproductive success declines from its maximum a with
population increase, due to reduced resources. The higher N is, the fewer offspring
reproduced. Let C be the maximum capacity of the environment. We might seea
reproductive success curve that looks something like this:
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The important feature of the reproductive success curve is that the reproductive
success goes to zero as N increases to the capacity C. If you know the function b(N), the
average births per adult in an environment witn N adults, you can find the sze of the next

generdion by usng the map
N? b(N)N [Equation 2]

It turns out the genera properties of this map are not sengtive to the details of the
function b(N). So we can assume a smple form for how the number of children per adult
depends on the current population. The smplest form that we can assumeis a sraight
line, 0 let’s assume that, as plotted on the next page:
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The equation of thislineisb = a (1 — N/C). (Confirm that this gives b=a when
N=0 and b=0when N=C.) By replacing b(N) with a (1 — N/C) in Equation 2, we get the
map

N? a(1-NC)N [Equation 3]

Findly, we define the fraction of capacity by x = N/C. When x=0, the population is small
and when x becomes close to 1, the population is approaching full capacity. So replacing
N with N/C in Equation 3, we get the logistic map:

X? a*x* (1 -x) [Equation 4]

The population is at afraction of capacity x a agiven time. At the next reproductive
cycle, the population is b=a* (1-x) times aslarge. Thisis one of the Smplest maps you
can write for populations or any system, but it isturns out to have a behavior that, for
somevauesof a, isquite complex.

A plot of the logistic map (function) and its close relatives |ooks something like
this, where the height of the pesk isa/4:
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Asyou will seein homework problem #2 of set #4, the types of behaviors shown
by this map, which vary with a, don't depend on the exact mathematica form, though the
detalls vary (such aswhat vaues of a give gability.) The key feature that gives dl of the
intricate behavior is that thereis a peak in the plot of the map function.



CHARACTERISTIC BEHAVIORS OF MAPS

The logigtic map has a number of behaviors. Which behavior is seen depends on
the vaue of the growth parameter a. Note that a must be less than or equd to 4
(otherwise, if x=1/2 one year, the next year' s x, a* x*(1-x), isgreater than 1, exceeding
environmenta capacity.)

When the growth parameter a < 1, the next generation is dways smadller than the
current generation. The ratio of the new x to the old x isa* (1-x), and since (1-x) < 1, the
product of a and (1-x) islessthan 1, when a < 1. For this parameter, there are not enough
offsoring to fully replace the current generation. When the ecosystemis such that a < 1,
the population goes to zero.

Inlab, you tried a=2.5. In this case, you saw that the cone went to afixed position
X, withx? 0. Thisisthe case of agtable, fixed populaion — the“system” “finds’ a point
where the births baance the deaths exactly. Thisis how you like your oven, cruise
control, and thermostat to function by sef-adjusting to afixed vaue.

What about a=3.5? The population oscillated. The cones indicating the Sze of the
population hopped back and forth between two positions. One year, the population is a bit
“high”, so the population declines due to overcrowding, but the next year, there are more
resources avalable, enough for the population to go back to its higher vaue. Thisisa
period-2 oscillaion: the population repeats itsdlf, or is periodic, with a period of 2. In this
case, did you see the butterfly effect?

When a=3.8, you saw much more complex behavior. Though the population in
one year depends in a well-defined way on the previous year’ s population, the exact
details of the population in future years becomes essentially unpredictable, due to the
butterfly effect, or sensitivity to small changes.

There are anumber of other behaviors seen, for different a, such as period-4,
period-3, intermittency, chaotic bands, etc., that we might mention.




