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Field Theory and the Standard Model

V.Novikov
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Abstract

The following 5 lectures are devoted to key ideas in field theory
and in the Standard Model.



Lecture I. Quantum Field Theory. Bird’s-eye-view.

Introductory remarks.

Quantum Field Theory (QFT) is the working language in the community
of high energy physicists. It is not the esoteric theory accessible to the small
group of experts, the basic ideas of QFT have to be familiar to all members
of the community. There are number of excellent textbooks on QFT. The list
of the recommended books can be found in ref [1]. As a rule they are rather
lengthy, the average size of the standard textbook is of the order of 800 pages.
The only way to understand QFT is to take one of these books and to spend
one year or more to study it. It is hard way, but nobody knows the better
one. So is life!

The goal of these lectures is not to provide any systematic introduction
to the subject. It is impossible to do in five lectures. The goal is to remind
the students what they actually had studied a few years ago. Just the basic
concepts, notions and relations of QFT without long derivations and boring
formalism.

1.1. Particles and Fields.

In the Classical Physics the particles and fields are very different dynam-
ical systems. Particles are particles and fields are fields. There is no way to
confuse these notions. This is everyday wisdom.

The system of particles has finite number of degrees of freedom N. To
describe this dynamical system one have to introduce the general coordinates
¢(t) (i = 1,2,..N) and their time derivatives ¢;(t) or conjugated momenta
pi(t). Either we study the bounded motion or the scattering processes at any
time we can say how many degrees of freedom the system has. Even when
we observe the decay of the system we are sure that outgoing particles were
bounded inside the initial system before the decay. This is evident.

Field theory is a theory of the system with infinite number of degrees
of freedom. To describe the electromagnetic fields we have to know four-
potential A, at every space point z. Maxwell equations govern the evolution
of the field in time.

The Quantum Mechanics (QM) of nonrelativistic particles was developed
in 1925-26. In QM dynamical system with N degrees of freedom is described




by wave function

U(g,t) = ¥(q, .., qn3t) (1.1)
that satisfies the wave equation
.0

where H(p,q) is the Hamiltonian and p is the operator of momentum: p =
—10/0q. The number of degrees of freedom N was supposed to be fixed
exactly like in Classical Mechanics.

The first quantization of electromagnetic fields had been done at the
same time in 1926 by Born, Heisenberg and Jordan in their second paper
on QM. They represented radiation electromagnetic field as an infinite set
of harmonic oscillators and quantized these oscillators. They found that
excitations of the oscillators behave like a free massless particles — photons.
The number of photons was not fixed. They were created and destroyed
by charged particles. Quantized theory of electromagnetic field became a
theory of particles — photons. Photons were not "bounded” inside charged
particles, they were created from ”"nothing” by scattered charged particles.
The physical idea of photons was introduced by Einstein twenty years before
this paper, but the formal quantization of field showed that quantized field
is equivalent to the system of particles that can be created and destroyed.

For some time physicists tried to find a relativistic version of wave equa-
tion (1.2) for the particles at high energy.

The first such equation was written in 1926 by Klein and Gordon for spin
0 relativistic particle

—0,0,9(x) = m*®(z) (1.3)

where 0, = 0/0x, and ®(x) is a complex function of z = (¢,Z), m is a mass
of particle.

Dirac pointed out that eq. (1.3) and the function ®(x) can’t be inter-
preted as a wave equation and wave function. In 1928 he suggested his own
relativistic equation for spin 1/2 particles:

(90— M)W () = 0 (1.4)

Here ¥ is a column with 4 complex components (4-spinor) and v, are 4 x 4
matrices.

The troubles with interpretation of eq. (1.4) as the one-particle rela-
tivistic wave equation are not so evident as for the case of eq. (1.3). But
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the truth is that for any relativistic processes the single particle description
breaks down. Any relativistic system has infinite numbers of degrees of free-
dom. More energy we pump into the system, more degrees of freedom can
be excited. For example any scattering process in QED can be accompanied
by creation of additional eTe™ pairs. These pairs are not hidden inside ini-
tial particles, they are created during the scattering process. The natural
description of relativistic physics is quantum field theory. So it is wrong to
divide world on particles and fields. We have to use the quantum field theory
for everything.

From this point of view both the Klein-Gordon and Dirac equations are
not relativistic wave equations. They are field equations for scalar and spinor
fields. These fields have to be quantize. The lowest excitations of these
quantum fields behave like massive particles with spin 0 and 1/2 respectively.

The QFT is the right language for dealing with particle physics. This
language is not unique. For example string theory also pretends to describe
particles in low energy limit. We have also to note that one can construct
”diagrammatica” (i.e. the set of rules for calculation of amplitudes in per-
turbation theory) without any reference to QFT.

1.2. Quantization and the Fock space.
Consider a field theory for a free scalar particle:
O(z) = O(Z, 1) (1.5)

In the ”Classical Theory” ®(x) is a real function of space-time point z, =
(t, ) with the lagrangian density £(®,0,P)

L(®,0,8) = %{aﬂcpaucp — m20?) (1.6)

where 0,9 = %Cb and m is the mass of the particle.
The action S is given by

S = / d*2L(D,0,D) (1.7)

The hamiltonian density is constructed according to the rules of hamiltonian
dynamics

T g > ag
H—WS(i) £—2{7T + (VP)* + m=d°} (1.8)
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where

oL

™= 3= b = 9y ®
We use the natural units where ¢ = 1 and A = 1. So the action is
dimensionless
[S]=m’ |
and for other quantities we get
[E]=[p]=m
[z] =m™! (1.9)
[£] = [H] = m*
(9] =m

FEzercise: prove the dimension rule eq. (1.9)
Equations of motion are derived from Hamilton variational principle

58 =0
o ity = e (1.10)
“(68“@):63

Eiler-Lagrange equations (1.10) for the density eq. (1.6) coincides with Klein-
Gordon equation
(0> +m*)® =0 (1.11)

Consider the plane wave anzatz for the solution of eq. (1.11)

dy(w,t) = a(t)e” (1.12)
The equation for the amplitude a

i+ (" +m?a =0 (1.13)
is an equation for linear oscillator with frequency

W (p)=p>+m* ,

w(p) = i\/m

or



We get that dependence of frequency w on p and the dependence of par-
ticle energy on momentum p’ are exactly the same (in the units A = ¢ = 1).
This is why we can use free fields to describe free particles.

The general solution in the periodic box can be presented as a superpo-
sition of the solutions (1.12)

®(x) = ) la(p)e™ +a* (p)e™] (1.15)

p

where

DT = PuTy, = PoTo — DT
po = \/D* + m?
> [ oo
P (27T)32p0

In the Classical theory coefficient a(p) are the arbitrary complex numbers.
In terms of these variables the Hamiltonian is equal

H= /d?’xH => %u}(p)[aa+ +atal

(1.16)

w(p) = \/P? +m?

This is the Hamiltonian for the set of decoupled linear oscillators.
In Quantum Field Theory we have to quantize these oscillators. The
variables a(p) become operators that satisfy commutation relations

[a(ﬁ),a+(ﬁ)] = Opp
(1.17)

[a(p), a(p)] = [a™ (), a™ (p')] = 0

Operators a(p) and a*(p) are familiar from QM. They are the annihilation
and creation operator for oscillator with frequency w(p).

The Fock space is the Hilbert space of the states with definite values of
the operator of particle number N(p) = at(p)a(p):

vacuum |0 >



{ 0 >
a(p)l0>=0,

one-particle states

Ip >=a"(p)[0 > (1.18)

two-particle states

Ip1,p2 >=a*(p1)a™ (p2)|0 >
p;p >=V2a"(p)a’t (p)|0 >

ete.
We get that commutation relation eq. (1.17) corresponds to Bose-Einstein
statistic for spin 0 particle

|p1,p2 >= +|p2, p1 >

and to positively defined operator of energy

1
H =3 w@)Np +3] (1.20)
The vacuum energy is equal
1
Evac = Z §W<p) (121)

We have constructed the space of free particles with given momenta. Now
we have to describe the propagation of free particles. The operator

) =3 a(p)e P

p

with positive frequency is a combination of terms that annihilate 1 particle
at point z. Operator
d(x) => a(p)e™ (1.22)
D

creates the particle at point x.
Consider the time ordering product

T{(x), 2(0)} = O(x0)®(2)8(0) + O(=0)2(0)®(x) (1.23)
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where the step function is equal

So the Feynman propagator
Dp(z,0) =< 0|T{®(x)®(0)}0 > (1.24)

is the amplitude for a particle to propagate from point 0 to point z. Time
ordering implies that creation always comes before annihilation.

The theory of the complex scalar fields ®(z) = —5(®; + iP;) with la-
grangian density

L= (0,970,0) — m*°®*® (1.25)

is equal to the theory of two different scalar particles with degenerate masses.
The general solution of the field equations can be presented in the form

®(x) =D (a(p)e ™ +b(p)*e™) (1.26)

p

where the operator (a,a™) and (b, b") are creation and annihilation operators
for the particle with the same masses but with the opposite electric charges
(see the next lecture). We consider these two particles as a particle and
antiparticle.

The Feynman propagator of scalar particle in the momentum representa-
tion is equal to

> D)= iy (1.27)

For Dirac spinor field W(x) the lagrangian density
L= V[0, —m]¥ . (1.28)
The plane wave solutions of the Dirac equation look like
u(p, e | (A= £1/2)

(1.29)



v(p, e P (A= =£1/2)
where u(p, \), v(p, ) satisfy equations

(Vupu - m)u(p, )‘) =0
(1.30)

(YuPu + m)v(p, A) = 0
and A = +1/2 label the independent solution with different value of the spin

projection on momenta p. The general solution of Dirac equation can be
presented in the form

() = 3 {alp, Nulp, Ve ™+ (0. No(p. Ne™} - (131)

ﬁ7A

where a(p, \) and b(p, A) are annihilation operators for particles and antipar-
ticles respectively.

The next step is the quantization. We have to consider a(p,\) and
b(p, A) as operators in the Fock space. The great surprise is that to have
positively defined energy the operators a(p,A\) and b(p, \) should satisfy
anticommutation relations

{a(p, )‘)7 a+(pla )‘/)} = {b(pv )‘)7 b+(pla )‘I)} = 5pp’5)\>\’

(1.32)
{a,a} = {a*,a"} ={b,b} = {b",b7} =0
with {A, B} — AB + BA.

These imply Fermi-Dirac statistic for spin 1/2 particle. These two exam-
ples demonstrate the famous spin-statistic theorem.
Feynman propagator Sg(x)

Sp =< 0|T{¥(z)¥(y)}|0 > (1.33)

in momentum representation looks like

— S(p) = (1.34)

where p = y,p,.

Ezercise. Calculate the dimension of field W: [¥] = m3/2,
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Electromagnetic Field A,,(z):
Lagrangian density is

1
L= FuFu+ejiA, (1.35)

F, =0,A,—0,A,

Because of gauge invariance the quantization of electromagnetic field is rather
subtle matter. In Feynman gauge the propagator for photon

p )
D = g;f;;v (1.36)
FEzercise. Show that
[Au] =m
[]u] =m?

1.3. Feynman Rules and Feynman Amplitudes.
Tree approximation.

What we do understand well is the QFT in the framework of perturbation
theory. Free field theory provides the asymptotic |in > and |out > states for
free particles and the amplitudes for propagation of free particles from one
space-time point to another point. The nonlinear interaction term L;,; in
perturbation theory provides the vertices. Combining vertices and propaga-
tors one can construct in perturbation theory the transition amplitude from
one asymptotic state to another one. Let us remind the main steps.

Transitions are described by means of unitary S-matrix: ST =T

< fIS|i >=< fli > +(2m)%6W (Zp; — Ip;) < fIT)i > (1.37)

where 7 and f refer to initial and final state.
In perturbation theory

S = Te:cp{i/d4:c£int} =
(1.38)
2
_ [+i/d4;1:/jmt(x) + %T{/d4x1£(:c1);/d4x2/3(x2)}+...
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where the operators of fields are in the interaction representation.
Consider for example the case of QED. The interaction looks like a prod-

uct of electromagnetic current and 4-potential

Lint = ];m(x)Au(x)

(1.39)
em . — 2 —
Ju" (@) = (—ie){e(@)yue() — gul@)yuu(z) + ...}
Feynman rules for this QED lagrangian are summarized in Fig. 1.
initial  states final states
D- p-
electron > e(p-) - é(p-)
positron T &(—p,) —t epy)
photon e eu(k) o en (k)
NS (—%9uv)
k2+ie
—>o i
p—m-+tie
@

Figure 1: Feynman rules of QED.

Using these rules one can easily construct the transition amplitude. Con-
sider as an example the process ete™ — ptp~. There is one diagram for this

process
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The amplitude T is equal

. _ _ . (e _Zga .
T(ere — ) = (e ) (1.40)
where

3!

= e(=p+)vac(p-)
80 = alk_)yn(—ky)
This is the example of the amplitude in the lowest order in the coupling
constant e. It contains no loops. There is special name for such diagrams —
tree diagrams.

1.4. Loop corrections.
Propagator corrections in QED.

Consider one-loop correction to the photon propagator

_Zg « . —1 9sv
5D, = ( q; )<_znaﬁ<q))% (1.41)
where P
sl =0 > =
pP—q

d*p 1 1
_ 2 _
—° /(27r)4< 1>Sp%]§—m+i5%ﬁ—(j—m+ie (1.42)

For large virtual momenta p the loop correction diverges quadratically

A
Map ~ €2gap / _2p ~ gape’A* — 00 (1.43)
0
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for A — oo.
The one-loop correction to electron propagator

Y

is proportional to

A d4 A
62%/—:‘[ N€2%IHA2—>OO (144)
p?—m*J q p?—m
for A — oo
The vertex
is proportional to
ey, In A% — oo (1.45)

for A — oo.

These corrections diverge logarithmically.

These are the simplest examples of the problem of divergences in QFT. It
was a great success of theoretical physics when Dyson, Feynman, Schwinger
and Tomanaga in the late 40th explained how to work with such theories.

1.5. Renormalizable Field Theories QED.

The general philosophy of renormalization can be formulated in the fol-
lowing way:

1) Suppose that we can split quantum fluctuations on the ”fast” fluctu-
ations (i.e. with virtual momenta p > A) and on the "slow” ones (p < A),
where A is arbitrary large parameter.

2) Suppose that we can integrate over the ”fast” fluctuations even though
the physics at small distances (p > A) can be unknown.

3) For "slow” fluctuations we get ”effective field theory” with £/7(A) or
Se/7(A) and with parameters that depend on cut-off A.
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4) Physics of the low-energy processes does not depend on the value of
the A.

5) For special class of renormalizable theories S¢//(A) depends on finite
number of parameters and interaction terms.

Consider how this program works in the case of QED. Suppose that ef-
fective lagrangian has the form

1 =
‘C(A) = _Z(F;fz)Q + \I/B(Z’Y;Lau - mB)\IIB_

_eB\i[ny,u\I[BAf (146)

where all quantities with label B depend on A. Consider the scattering of
heavy charged particle on the Coulomb center. In this case we have to sum
up all corrections to the photon propagator.

§+§+...

As a result at low-energy the amplitude of Coulomb scattering is equal

to ) (A) .
€p
T: 1 e%(A)l A2 ? (147)
— opz M3

The coefficient in front of 1/¢* is by definition the charge of particle (1/¢?
corresponds to 1/r dependence in the Coulomb law). So we claim that com-

bination ) N
2 €p
? 1-— 123255\2) In r/:L_Qg

is the physical charge. It does not depend on A and in this way we find e%(A)
as a function of A.

In the similar way one can define the physical electron mass m,, = me.
as a pole in the exact propagator of the electron.

Now we are able to formulate the main theorem.

Theorem. If we rewrite the amplitudes of all QED processes that depend
on ep, mp and A in terms of e,,, m,, the dependence on A in these amplitudes
will disappear for large Al
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1.6. Non-renormalizable Theories.

Fermi Theory (1934)

The first theory of weak interactions was formulated by Fermi. It was
very similar to QED. The lagrangian of interaction was equal to a product
of two vector currents. After the discovery of P and C parity violation this
4-fermion theory was modified so that

Gr
Lw = —=JajJa 1.49
W=l (1.49)
where jo, = UeYa(l 4+ 75)e + ...

Remember that
jl=m®; [L£]=m*

so the Fermi coupling constant has dimension —2:
[Gr]=m™

From the dimensional analysis it is clear that radiative corrections to 4-
fermion interaction

should be of the order of

Gr(1+X(GpA*)")(5)°

where A is cut-off. It is also clear that 4-fermion interaction can generate
multi-fermion interaction with diverge coupling constant, e.g. 8-fermion in-
teraction
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ALY = CGLINA? + X(GrA2)"](j)*

etc.
In this way we find that £¢// should depend on infinite number of terms.
This is the example of non-renormalizable theory. In such theories we
have to fix infinite number of terms in £¢//(A) at the scale A (i.e. at small
distances © ~ A™!) to reconstruct the amplitudes at low energy. Nobody
knows how to work with nonrenormalizable theories.

1.7. From field theory to cross sections.

The steps from the formal QFT to the numerical predictions for cross
sections and for the decay rates are very simple

Feynman diagrams

\
Amplitude T

4
Probability ~ 3|T'|?

For example the Cross Sections are calculated by the formula

1

dO’fZ‘ = |Tfi|2d7'
24/ (s, mi, m3)
where
454 > il dgpj
dr = (2 — —
7= (2m)%6" (p1 + p2 pf)jl;ll (27)32E,

is N-particle phase space and
)‘(Sv m%? mg) = 4[(p1p2)2 - m%mg]

is relativistic flux.
The Decay Rate is given by formula

1
I=—|T?
d QE‘ |*dT

There exists a well developed routine technology of this kind of calcula-
tions. But sometime we can understand the basic properties of the answer
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without long calculations. Consider three examples of the order of magnitude
estimates

1. Decay pu — evev,
In this case we know that

[ =m [Gr]=m™";

and that in the limit m, > m, nothing should depends on m,.. So on the
ground of the dimensional analysis we conclude

= — ever,) = 1997 3G
Certainly the numerical factor is beyond of these order of magnitude esti-
mates but the dependence on mass is understood well.
2.Cross section ve — ve
Cross sections have dimension

So for very large energy when we can forget about masses

o(vee — vee) = G

3m
3.Cross section ete™ — ptu~
Fine coupling constant is dimensionless. The cross section does not de-
pend on masses at high energy. So

4o 9
o=—-———, §>m
3 s

It is interesting to note that after some training one can restore the powers
of m that originate from the phase space. We have no time for such training.
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Lecture II. Symmetries.

In the Standard Model the notion of global and local symmetries plays
the very important role. In this lecture we shall study the different aspects
of symmetries in QFT using a well known physical examples.

2.1. Global symmetries.

We start with the simplest U(1) symmetry and consider as an example
the theory of free electrons. Electrons are described by 4-component complex
field ¢;(i = 1,2, 3,4) named bispinor. The free Lagrangian density has the
form

L = (x)(i7,0, — m)y () (2.1)
where 1) = ¢+, and Yu are 4 x 4 Dirac matrices, m is the electron mass.
It is quite evident that U(1) global phase transformations
! _ Llo
ba) — (o) = o) 02)

() — Y(2) =v(z)e ™
leave Lagrangian (2.1) invariant. The global symmetry means that the phase
of the transformation is the same for any of space-time points x.

A little bit less trivial example is the theory of two complex self-interacting
scalar fields with the degenerate masses

L=0,570,0 — m*dTd — %(@*@)2, (2.3)

where ® is the two component column (doublet)

o=(5)

The Lagrangian (2.3) is invariant under global SU(2) rotations of the complex

doublet &
O(z) — P(x)=950(x)
O (z) — (P'(x))" =" (x)ST

where S is unitary 2 x 2 matrix

(2.5)

StS =1
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with detS =1 (2.6)

This matrix S can be represented in the form
.Ta
S = exp[z;oﬂ] (2.7)

where 7, = (71, T2, 73) are Pauli matrices

0 1 0 —1 10
Tl:<10>’72:<i0>’7—3:<0—1> (2.8)

that satisfy to SU(2) Lie algebra commutation relations

(75, Tk] = 2ieeme (2.9)

where e;, is totally antisymmetric tensor with ejo3 = 1. Three independent
phases a*(a = 1,2, 3) do not depend on space-time. The Lagrangian density
(2.3) describes Higgs scalars in the Standard Model.

Another useful example is the approximate SU(2);, x SU(2)g symmetry
of strong interactions. This symmetry has been discovered long before the
formulation of QCD in the framework of such general approach as the current
algebra. It provided the first example of nonlinear realization of symmetry in
QFT. It this lecture we shall formulate this symmetry using the Lagrangian
of QCD.

The mass scale of QCD is defined by Agep :

Aqep >~ 0.5 Gev (2.10)

On the other hand according to particle data group booklet the masses of up
and down quarks are of the order of a few Mev. So in a good approximation
one can take

Myq =0 (2.11)

In this limit QCD Lagrangian for v and d quarks can be rewritten as

L= J’L (i'VuDu)z/}L + IER(i'VuDu>Q/’R (2.12)

d(x)

d(x). The subscribes L and R means left and right field by definition

where ¢(x) = < u(z) ) is SU(2) doublet constructed from bispinor u(z) and
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(L& 7ys)u
(1% 75)d

Ur,r =

2.13
di (2.13)

1
2
1
2

where 75 = —170717273-
Any bispinor ¥ (x) can be represented as a sum of two spinors (left and
right Weyls spinors)

1 1
1/1:1/1L+1/1R:5(1+75)1/1+§(1—75)1/1 (2.14)

For the case of massless particles the Lagrangian itself can be written as
a sum of two independent Lagrangians : one for left spinors, another for
right spinors. Each of them is SU(2) invariant. So the total symmetry is
SU(2) ® SU(2)g.

2.2. Noether’s Theorem. Conserved Currents.

So far we considered the examples of different Lagrangians that were
invariant with respect to U(1) and SU(2) transformations. The transforma-
tions were global, i.e. they did not depend on space-time points z. As for
invariance of the Lagrangian it looked like rather trivial property.

Noether’s theorem states that for any continuous global symmetry of
the Lagrangian one can construct the conserved vector currents. This is
dynamical statement and it does not look like being trivial at all. I am going
to prove this theorem in the classical field theory.

Let Lagrangian L depends on the set of fields ¢* and its first derivatives
¢', = Oup'. For infinitesimal global transformations the variations of fields
are equal to

Sl = ie(“)T(ja)goj
. g . 2.15
8¢l = 99, (Thy’) (2.15)

The real infinitesimal parameters €@ represent the independent symmetry
transformations, matrices T}; are the generators of the group of transforma-
tions in given representations. The invariance means that the actions S is
not changed under transformation (2.15):

58 = /d4a;5L =0 (2.16)

Let us calculate the variation of Lagrangian density directly
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oL = oL 5g0
N7
2.17
- [%iL ot + b, 217)
where we have used the Lagrangian equation of motion for ¢*(x)
oL oL
=0, (2.18)
0yt 0¥,

Substituting the variations for dp and d¢ , from egs. (2.15) into (2.17) and
(2.16) we get

58 = ie@ / d'20,j0(x) = 0 | (2.19)

where oL
(a) (a) 4 2.20
ju asofu 7 ' ( )

Therefore we get the conservation of Noether currents

9uj(x) =0 (2.21)
and the conservation of the corresponding charges
iQ(“)(t) =0 (2.22)
dt
Q@ (¢ / Brjl( (2.23)

(We assume that there are no fields at spatial infinity, i.e. [d3z0;j; = 0)
The generalization of this proof to the Quantum Field Theory requires
more advanced techniques such as operators algebra, commutators etc. But
the final results, i.e. the expression for conserved Noethers currents, remain
the same. So we are going to skip the proof of the theorem in QFT.
At the end of this subsection we present the conserved vector currents
that correspond to the symmetries that we considered in the subsection 2.1 :

U(l) : ju:&%ﬂﬁ 5

o 2.24
SUQ2) : ji=0"10,® (2.24)

SU(Q)L X SU(Q)R
(Jf’R)a = JJL,R’VuTawL,R
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where

Ot 0, D= B9, — (9,870

2.3. Spontaneous Violation of Global Symmetry.
Goldstone Phenomenon.

The idea of spontaneous violation of symmetry was formulated first in the
solid state physics. Consider, for example, the piece of some ferromagnetic
material. The interaction of the elementary magnetic moments of electrons
inside ferromagnetic is O(3) invariant. On the other hand at low temperature
T < T. the total magnetic moment M of ferromagnetic piece is nonzero and
has the definite direction, i.e. it violates O(3) invariance of the system.
Ground state is only O(2) invariant for the rotations around M and the
“violated” symmetries are realized as a massless excitations.

In field theory analogous phenomenon is known as Nambu-Goldstone re-
alization of symmetry. We are going to discuss this phenomenon using the
example of SU(2), x SU(2)r symmetry of strong interactions. Quark La-
grangian (2.12) is SU(2), x SU(2)g invariant. There are 3 left (V' — A) and
3 right (V + A) conserved currents of massless quarks. In other words there
are 3 vector and 3 axial vector conserved currents. This is evident. On the
other hand the quarks do not exist like a free particles. Instead we have
a set of massive hadrons — baryons and mesons. The SU(2)y symmetry of
hadrons was known for a long time. For example proton and neutron have
practically degenerate mass and can be treated as an up and down members
of SU(2)y doublet N = (£). (There are small corrections to the SU(2) sym-
metric approximation of the order of (%)% and of the order of electroweak
coupling constant «.) The matrix elements of the conserved SU(2) vector
currents between nucleon states have the form

< N[y, 7| N >~ N7y, m*N (2.25)
In the limit of degenerate mass this m.e. is transversal
@ NV N =0 (2.26)

i.e. it corresponds to conserved currents.

For conservation it is crucial to have baryons with degenerate masses. The
symmetry is realized in such a way that it transforms one-particle baryonic
state into another one-particle state with the same mass.
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If this realization of symmetry is unique we immediately get troubles with
the SU(2) 4 symmetry. Indeed to construct the transversal matrix element of
axial current we need degenerate baryons with opposite P-parity. The brief
search for such baryons in the Table of Particle Properties shows that such
baryons do not exist in Nature. So this way is prohibited for SU(2) 4.

One may try another possibility for matrix element of axial current be-
tween the same nucleon states

7, a ququ \ a
< N 157N >~ (g — =2) Ny 57N (2.27)

where ¢ is momentum transfer from one nucleon to another. The transver-
sality is now evident because

0

duqv
qM(guu_ 22 )

So we have solved this problem easily. But now matrix element (2.27) is
singular. It has a pole at ¢> = 0. The poles in the amplitudes correspond to
one particle intermediate states and pole at ¢*> = 0 corresponds to massless
particle. Fortunately there are m-mesons that contribute into m.e. (2.27)
and that are almost massless. Now we are able to formulate the new way of
realization of approximate SU(2) 4.

According to this new philosophy 7-mesons should be massless in the
limit m,, 4 = 0 and there should be simple relation between the axial-vector
part of matrix element

guuN’7p75N (228)
and the pseudoscalar part
—q;gVNVMWE,N = —%QmN(N%N) (2.29)

to have conserved current. This relation is known as Goldberger-Treiman
relation. The matrix element of axial current between nucleon states can
be measured in n — per decay. Experimental value of the ratio of axial
coupling constant to the pseudoscalar coupling constant is very close to the
theoretical prediction. So this realization of symmetry indeed works in the
case of SU(2)4.

Instead of one-particle degenerate states with opposite P-parity we have
massless pseudoscalar Goldstone particles - pions. The symmetry transforms
one-particle baryonic state into degenerate two-particle state (baryon plus
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Figure 1: Higgs Potential in Standard Model

massless pseudoscalar pion), then into 3-particle state with two pions etc.
This is nonlinear realization of symmetry. One can proceed further and
show that there are infinitely many states with the same lowest energy. The
vacuum state is one of these states and it violates SU(2)4 symmetry. This
violation is due to nonzero vacuum expectation value of quark condensate

< 0laul0 > = < 0[dd|0 >#0

< Oluysul0 > = < 0|dysd|0 >=0 (2.30)

It seems more instructive not to spend time proving eqgs. (2.30) but to con-
sider the same phenomenon using a very simple field model studied many
years ago by Goldstone.

Let us start with the theory of complex scalar field ¢(x) with Lagrangian

L= 0,0"0up = V(l¢l*) (2.31)
and with a special choice of potential (see fig.1)
0’

V(I¢l*) = Mlel® = 5)° (2.32)

Lagrangian (2.31) is invariant under U(1) transformations
p(a) = ¢'(2) = eop(a) (2.33)
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and the Noether current is

Ju=19" O0u 0 (2.34)

There are continuously many minima of the potential V' (2.32)

o= L peio (2.35)
_ e .
\/ﬁn

The vacuum corresponds to one of these minima. This is spontaneous viola-

tion of symmetry : we have chosen one of state as a vacuum from the infinite
set of minima. Let vacuum state corresponds to zero phase a =0 :

_ 1 (2.36)
Pel = \/571 .

Consider the small fluctuation of fields near vacuum configuration

o= %[n + pla) +io(z)] (2.37)

Potential can be rewritten as

V(@)= Vip.o) = 2 {(0* + 02 +dmple + o) + 4P?) (239)

The coefficients in front of bilinear terms determine the mass of the fields.
So we get a theory of two particles with masses

2 _ A\m2
M5 =4

[P (2.39)

Excitations that correspond to the motion along the valley of minima are
massless! This is Goldstone phenomenon.

We can use more elegant and transparent representation for ¢(x) to
demonstrate this phenomenon. Let us rewrite ¢(z) in terms of modulus
and phase

p(x) = p(x)e ™ (2.40)
Then

L(p,0) = (Oup)® = V(p*) + p*(9u0)? (2.41)
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There is no dependence on the field ¢ in the potential and therefore this
field corresponds to massless particle.
In Quantum Field Theory we have two ways for realization of symmetry:

1) Vacuum state has the symmetry of the action S. Excitation states are
degenerate.

2) Vacuum state has lower symmetry than action S. There are flat di-
rection in configuration space of fields. The motions along these flat
directions correspond to massless Goldstone particles.

Ezercise
Consider the double well potential in Quantum Mechanics

V(a) = Ma? — 7?)’
and in the Quantum Field Theory for real scalar field p(x) ;
LOERCETYE

Show that in QM there is only one lowers state and in QFT there are two
degenerate and orthogonal lowest states.

2.4. Local U(1) gauge symmetry.

Now we are going to study the new type of symmetries : local gauge
symmetries. Let us start with the theory of complex field ¢(z) described by
the Lagrangian (eq.(2.31))

L=0,6"0,0 = V(¢79)

invariant under global U(1) transformation

o(z) = ¢'(2) = () .
Consider now the local U(1) transformation when we change the phase of
the field independently for any point x

(z) — ¢'(x) = () (2.42)
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The potential V (|¢]?) = V(|¢/|?) is invariant under this transformation but
the kinetic term is not

0,07 0,0 — (0, +i(9,N) o) (2.43)

To compensate this non-invariant change one can introduce new vector field
A, (z) with the transformation law :

AA@—»A%@:a%@ﬁ+é@A@) (2.44)

so that the new Lagrangian

L =0 —ieA)ol* = V(6]) (2.45)

is locally U(1) invariant or gauge invariant. The combination D, = 0, —ieA,
has a name of covariant derivative (or long derivative). It has a simple
transformations law

iA —iA
D, — e"Dye

Db — MNDyg) (2.46)

Up to now the fields A,(x) have no kinetic term in the Lagrangian and
they are some kind of the auxiliary fields that do not propagate. To construct
kinetic term we need gauge invariant combination of the derivatives of field
A,. Notice that covariant derivatives and any combinations of the covariant
derivatives have a very simple transformation law eq. (2.46). Consider the
commutator of two derivatives,

[D,D,] = —ieF,,
F =0,A, —0,A,
We see that commutator is not the the differential operator but the function

of . According to (2.46) it is gauge invariant function. Now we are in
position to write the totally gauge invariant Lagrangian

(2.47)

L = —1F,F.,+ Do) -V(¢])
o) — ¢(z) =e"Dg(a) (2.48)
Au(z) — Al(z) = Au(z) + L9, A (x)
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The notion of gauge invariance was introduced by V. Fock in 1926 and by
H. Weyl in 1929. (The very interesting history of this subject can be found
in the lectures given by L.Okun at this school ten years ago).

2.5. Spontaneous Violation of local symmetry.
Higgs Phenomenon.

For the case when time derivative is zero D,¢ = 0 and electric field is zero
F,; = E; = 0 the Lagrangian (2.48) formally is equal to the free energy in
the Ginzburg-Landau phenomenological theory of superconductivity, where
o(x) plays a role of the order parameter. It is known that magnetic field does
not penetrate into superconductor, it falls exponentially. Exponential fall in
QFT corresponds to a massive particle. So one can expect that Lagrangian
(2.48) at certain circumstances can describe the massive gauge field. This is
the famous Higgs mechanism of spontaneous violation of local symmetry.

Consider Lagrangian (2.48) with the special choice of potential energy
(2.32)

2

1 n
L= —ZFEV + | Dudl” — M| o|* — 3)2 (2.49)

Potential V' (¢) has continuous valley of minima. Let us quantize the fields
near the vacuum state (2.32)

1
<P >= Pl = ﬁﬁ (2.50)

As in the case of global symmetry it is convenient to use representation
of ¢(x) in term of modulus and phase

1

¢(z) = %(n + p(z))el”™ (2.51)

The Lagrangian (2.48)-(2.49) is gauge invariant. So let us make gauge trans-
formation with A(z) = —o(x)

oa) — o =
/ 2.52
A(x) — A=A, —10,0 (2:52)
In this gauge (unitary gauge)
, 1
D,¢ — (0, — zeAH)—Q(n + p(z)) (2.53)



and the Lagrangian can be rewritten in the form

L — [ 1 2 4_16277214%}_’_

5(0up)? + (2n)p(x) A2 (z) + 5 A2 () p?(x)

The term in bracket represents the free massive vector particle with mass

(2.54)

my = en (2.55)

Massless Goldstone mode o(x) has been eaten by massless vector field A, (x)
(that had two polarization) and as a result we get massive vector field with
three polarization. This is Higgs Phenomenon.

2.6. Local SU(2). Yang-Mills theory of vector fields.

We have to make another nontrivial step to be ready for the construction
of the Standard Model. We have to consider the general case of the local
gauge groups.

Let us start with SU(2) theory of massless fermion ¢ = ( Zl )
2

L= JJ[Z’%@M (2.56)

and consider local SU(2) transformations

Y(z) — ¢'(z) = S(2)Y(2) (2.57)
where
S(x) = expi(TjA;(x)) ;
T, = %7’ .i =1,2,3; (2.58)

The Lagrangian (2.56) is not invariant under this transformation. To com-
pensate the non-invariant piece in the Lagrangian we introduce the triplet of
vector fields A!,(z) so that:

L = i (0, —igAu(x))y
Au(x) = T'Al(z) (2:39)

with the transformation law

Au(x) — Al (x) = SA,(x)S* — g(a,ts)s+ (2.60)
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Again it is convenient to introduce covariant derivative

D, =0, —1igA,

that transforms as a triplet under SU(2) transformations:

D, — SDHS+
Dy — S(DHQ/J)

We can define the triplet of field-strength tensor wa :

Guw =G, T = é[Dw D,
= O A, — oA, — iglA,A)
G — Gy = 5G05*

and construct the SU(2) gauge invariant Lagrangian

1 7.
E - _ZTT[G;WG;W] + Q/JZ’Y;LD;W

(2.61)

(2.62)

(2.63)

(2.64)

This Lagrangian was invented by Yang and Mills in 1954. The very nontrivial
part in this construction is that kinetic energy ~ wa contains bilinear ~ A2,

trilinear ~ A3 and quadralinear ~ A terms:

X

A A A A

So we have a gauge theory of self-interacting vector fields.

2.7. Spontaneous Violation of Local SU(2) Symmetry.
Renormalizable theory of massive vector fields.

Consider the SU(2) gauge theory of the couple of scalar fields ¢ =

(2)

1 7)2
£ = = T1Gyu G+ 1Dudl? = Mgl = L)

2

(2.65)

We expect that after spontaneous violation of SU(2) symmetry three Gold-
stone bosons will be mixed with three massless vector fields and produce
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three massive vector filed. To show this we repeat the steps that we had
done in the case of local U(1) symmetry.
Let us introduce a special representation for the doublet ¢

o= (2 )= (S iy ) (2:66)

and consider gauge transformation with the parameter
A(x) = —0o'(z) (2.67)

In this gauge the fields o*(z) disappear from the Lagrangian and vector part
of L gets the form

m, — %977 (2.68)
This is the theory of massive vector fields with the special choice of self-
interactions.

The theory of massless Yang-Mills field was renormalizable theory. It
seems that the property of the vacuum should not change the behavior of
the amplitudes at high energy. So one can believe that Yang-Mills theory
with spontaneous violation of gauge symmetry remains renormalizable. The
theory of massive vector fields with arbitrary interactions is nonrenormaliz-
able in general. But if one takes the special case of interaction with quarks,
with scalars and self-interaction that corresponds to the gauge-invariant La-
grangian (2.65) the nonrenormalizable divergences should disappear. Tech-
nically the rigorous proof of this statement is quite nontrivial business even
now. This problem had been solved by t’Hooft and Veltman in 1971.

_ 1 2 1,2 A2
{ ‘Cvect = _ZTTGMV — EmVAM
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Lecture III. SU(2)xU(1) Theory of Electroweak Interactions.

In this lecture I am going to describe the fundamental Lagrangian of the
Standard Model. It is important to understand that a priori there is no
unique way to construct the model of electroweak interactions. There are
plenty of them. In the review paper by B.Bjorken and Llewellyn-Smith in
1973 they discussed several dozens of models. We do not understand yet why
the gauge group is SU(2)xU(1), why there are three generations of quarks
and leptons etc. We have to deduce our theory from the experiment.

3.1. Minimal group.

It was well established in old four-fermionic theory of weak interactions
that charged currents (responsible for 3-decay of nucleons and other hadrons)
have V — A structure, i.e. they are constructed from the left-handed fermions.

The minimal group of gauge symmetry which includes charged vector
currents is SU(2) group. So any theory of weak interactions have to include
SU(2), symmetry as a subgroup. Photon interacts both with left- and right-
handed fermions. So if we are going to unify weak and electromagnetic
interactions the group of gauge symmetry should include U(1) as well. The
simplest choice of such group of symmetry is

G = SU(2), x U(1)

3.2. Left and Right Fermions.
SU(2)r symmetry. Weak Mixing Angles.

Any Dirac 4-spinor ¥ can be presented as a sum of two Weyl spinors ¥,
and Wg: . .
‘I’Z‘I’L@‘I’R:5(1+75)‘1’+§(1—75)‘I’ (3.1)
These Weyl spinors are irreducible representation of Lorentz group, they
depend on two complex parameters. For massless fermions

U, = ( (1=0om)¢ ) , (3.2.)

—(1 =4an)p
where ¢ is 2-spinor, & are Pauli matrices, and 77 = p/|p| is the direction of
the motion of particle. So for left particle ¥,

Gt = —1 (3.3)
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and for right particles Vg
on = +1 (3.4)

Left leptons and quarks group into SU(2),, doublets. For the first gener-

ations they are
L:(”@) and Q:(“) (3.5)
€ /L d ),

To avoid V + A charged current we have to put right fermions into singlet
representation. So eg, ug and dg are singlets. As for right-handed neutrino
vr nobody has observed it so far. It is unknown whether such field exists.
Just now we prefer not to introduce v into the theory.

To include the electromagnetic interactions we have to define charge. For
left-handed fermions the charge is different for up and down component so
that

Qr=T5+Y] (3.6)
where T3 is the third component of SU(2), and Y7, is left hypercharge.

From eq.(3.6) it follows that for leptonic doublet Y7, = —1/2 and for quark
doublet Yy = 1/6.

For right fermions we identify ) and Yj:

Qr=Yr (3.7)

so that Yy, = 3; Yy, = —3, Yo, = —1.
The minimal way to introduce U(1) interactions is to consider gauge
boson that interacts with

Y =Y+ Y (3.8)
This is the gauge group of Minimal Standard Model

Let Al (z), i = 1,2,3 be gauge bosons of SU(2);, and B,(x) — the gauge
boson of U(1) group. The charged fields

1
+ _ 14 42
AL = 2<A“ +iA%) (3.10)

can be identify with W3 bosons.



Photon A, (z) is in general some combination of A} and B,,. Orthogonal
combination represents another physical particle that we identify with Z

boson. So ,
Zy \ _ [ cosby —sinby Au
< A, ) a ( sin Oy cosByy ) ( B, (3.11)
where Ay is a weak mixing angle.

To violate spontaneously SU(2), x U(1)y group and to make masses to
W+ and Z bosons we need three Goldstone fields. The SU(2) doublet of

Higgs particles
+ 1

can provide this number of Goldstone bosons after spontaneous violation. In
the MSM we use only one Higgs doublet.

We have completed the construction of the MSM. Now we are ready to
calculate the masses of vector bosons my,, mz and phenomenological mixing
angle 6y in terms of coupling constants g, for SU(2), ¢; for U(1) and in
terms of v.e.v. of Higgs field 7.

In the unitary gauge Higgs doublet has the form

= 0
H(z) = 7@ 3.13
0= (ot e ) (3:19)
Covariant derivative
D, =0, —igY B.(z) —ig,T"A}\(x) (3.14)

for the vacuum field H,,.

1 1. (0
D, Hyoe = (—zgléBu —ig25T A%) < % ) =

)

(3.15)

_ (_i)n \/§Q2Wﬂ_
22 '\ —02A5 + g1 B,
The mass term for vector fields originates from (D, H)* D, H term in the

Lagrangian. It looks like

1 1
Emass == 1(9277)2WJWM + §U2(92Ai - ng,u)Q (316>
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From this expression we conclude that the massive combination of Ai
and B,, (i.e. Z-boson) is

1
Zy = —=—=(024,, — 01 B,) (3.17)
\V 9t + 93
or that
tgbw = 91/ 9> (3.18)
From eq. (3.16) it follows that
1
mw = 591] (3.19)
and
mw = my cos Oy (3.20)

It is very interesting that Z boson should be heavier than W boson!
After spontaneous violation there still remains unbroken U(1) symmetry that
corresponds to massless photon.

If we introduce electric charge e as a coupling constant of the photon we
can relate g; o with e and cos . Let us rewrite interaction of Ai and B, as
an interaction of A, and Z,, fields:

[Ty — sin® Ow Q) Z,, + (—i) (g1 cos O ) QA,,

(3.21)

This is identically rewritten universal expression for covariant derivative. So

eq. (3.21) is applicable to the left and right fermions and to the Higgs doublet.
From eq. (3.21) it follows immediately that

(—igoT3) A —igiY B, = (—i)

cos HW

e = gy cos by = gosinby (3.22)

We complete the description of bosonic sector of the SM.

3.3. Weak interactions of leptons and quarks.
Neutral Current. Request for new particles.

Now we are ready to calculate the amplitude for the first physical process,
for the decay of © — evr. Charged currents Lagrangian for leptons looks
like

AECharged 2‘?/_W+ [U’yﬂ< + 75)6 + ] (323)
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where the dots are for the similar terms with p and 7 leptons. Feynman
diagram for the p-decay is presented in Fig.1

14 €

w
L v
The amplitude for the decay can be read from this diagram and it is equal
to

1

2
myy — (g

]2

T(p— evw) = s (el + 7)) (@va(l+3)v)  (3.24)

92
22
The momentum transfer ¢ from muonic current to electronic current is
of the order of muonic mass m,. So if my > m,, the amplitude looks like a
point-like interaction in Fermi theory.

Gp .., .
Trerms = TSJQ(J&‘W (3.25)

Comparing these two presentations for the same amplitude we conclude

that )
Gr _ 9

V2 8miy
Taking into account eq. (3.19) for my, we also get that v.e.v. 7 is directly
connected with Gp:

(3.26)

n = [V2Gp]"/? = 246 GeV (3.27)

Gr =G, =1.16639(2) - 107° GeV >

To fix remaining two fundamental parameters g; and g we have to choose
two other physical observables measured with the best accuracy. The choice
is evident. They are the fine coupling constant «

4
o' = 2T = 137.035985(61) (3.28)

e2

and the mass of Z-boson

mz = 91.187(2) GeV (3.29)
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To calculate g; and go we first have to calculate the mixing angle 6y in
terms of G, a and my. It is not difficult exercise to show that

yiye

V2(Gpm%)

sin? Oy cos? Oy =

(3.30)

FEzercise 1: Derive eq. (3.30).
Substituting the values of the parameters from eqs. (3.27), (3.28) and
(3.30) we get
sin? Ay = 0.2120

= =0.34 3.31
9 cos Oy ( )
V4
go = Y 066
sin 6

So we are ready for the first prediction in SM: we can calculate my,
(mw )" = my cos Oy = 80.94 GeV (3.32)
that has to be compared with the current experimental value
(mw )P = 80.37(8) GeV (3.33)

The deviation from theoretical number is only 0.6%, but this tiny number
is equal to 8¢ deviation. To explain the huge discrepancy we have to take
into account radiative correction that have the scale of the few per mill.

The old 4-fermionic point-like theory is the effective theory for momentum
transfer much smaller than my,. In this sense the SM is generalization of the
old theory. But SM also predicts the new phenomena that were unknown in
V-A theory. This is the neutral currents.

The effective 4-fermionic coupling of neutral currents is generated by Z
boson exchange.
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At small momentum transfer it is local interaction with the coupling constant
equal to G cos? Oy .

Exercise 2. Calculate the coupling constant for neutral currents.

Though this coupling is of the same order as Gz by some reasons the
experimental search for neutral currents gave negative results for a long time
and only in 1973 experimental groups at CERN observed neutral currents and
provided the first experimental measurements of cosfy,. This measurement
gave the possibility to calculate my, and my theoretically (egs. (3.19), (3.20))
with rather good accuracy. This estimate had been extremely helpful for the
experimental discovery of W and Z bosons.

Another great achievement of the SM was the request for new particles
needed for self-consistency of the theory. In 1970 the set of the known par-
ticles included 2 generations of leptons

Ve Vi ) e
9 ) R MR (334>
( € )L < k)

and three quarks u, d and s that belong to the following SU(2), x U(1)y
representation

u
<d’:dcosﬁc+ssinec )L’ ur, dr, Sk (3.35)

where 6. is the Cabibbo angle. First of all there was no symmetry between
quarks and leptons. No less important was the fact that for this set of quarks
Z boson exchange produces flavour-changing s < d neutral currents

Zudyrydy, ~ Z, [(Jd) cos? 0. + (3s) sin? O+

+ sin 0, cos 0,[ds + Ed]} (3.36)

This was absolutely forbidden by experimental data. To save the SM
Glashow, Illiopoulous and Maiani in 1970 introduced fourth ¢ quark and the
new SU(2), doublet

c
< —dsiné,. + scosf,. ) (3.37)

As a result flavour-changing neutral currents disappear and all neutral
currents become diagonal. This theoretical request for new particle was sat-
isfied by experimental discovery of c-quark in 1974.
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3.4. Quark masses. CKM matrix and CP-violation.

In the Standard Model the standard mass term for the electron violates
SU(2)r. Indeed this term

meée = meleéger + €rer| (3.38)

transforms like doublet instead of being invariant.

To preserve SU(2);, x U(1)y symmetry we have to use Higgs mechanism
to generate the masses for fermions. For example Yukawa coupling of L, eg
and H is SU(2), x U(1)y invariant

AL = f.(Leg)H + h.c. =

— L n+ ploypec = (3.39)
= meee + Je (x)ee

\/ﬁp
where p(z) is the field for physical Higgs in SM. From eq. (3.39) it follows
that Yukawa coupling is proportional to m,

2
fe = %me ~3.-107° (3.40)

Notice that before this step the fields ey, (z) and eg(z) were absolutely dif-
ferent, i.e. they had different interaction with W and Z. Yukawa interaction
unified this two Weyl spinors into one massive particle — electron. To give
the mass to down quarks we can use the same type of Yukawa interaction

AL, = fa(Qrdr)H (3.41)

As for the mass of up quarks we need Higgs doublet with nonzero v.e.v.
for up component of doublet. At that moment we can introduce new Higgs
doublet. But in the case of SU(2) group complex conjugated fields

H = (—ioy)H* (3.42)

also behave like a member of SU(2) doublet. So we can use H to give mass
to upper quark ) ) i
ALy, = fa(Qrdr)H + fu(Qrur)H (3.43)
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This is the solution of problem of fermion mass in the case of one generation.
For more than one generation we have to take into account quark mixing.

Cabibbo-Kobayashi-Maskawa (CKM) matrix.

For three generations of quarks the general Yukawa couplings produce
general non-diagonal mass 3 x 3 matrix

AL = ()i M (ui)i + (dp)i M (dg )i + hc. (3.44)

where u}, d; are quarks that belong to SU(2) doublet of i-th generation i =
1,2, 3.

The matrices M® and M@ can be diagonalized by use of left and right
unitary rotation, i.e.

MO = 07 M0, U
(3.45)
MO = D2V, Dy

where Mé?a’j) are diagonal matrices. Substituting this expression into eq.
(3.44) we get that diagonal massive quark fields are

ur = Upuly , up =Upu} ;
(3.46)

dr = Dpdy , dp = D.pd; ;

It means that the members of the SU(2) doublet are the mixture of different
massive fields. We already met such doublet in the case of 2 generations (see
egs. (3.35) and (3.37)).

In terms of massive fields the charged currents look like
Ju = Uryudp = (UL Dy )vudr (3.47)

The unitary 3 x 3 matrix
V =U,D} (3.48)

is the famous CKM matrix.
Due to unitarity of U and D matrices the neutral currents remain diagonal

Upuly = Ugug , upu) =ugur ete. (3.49)
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You will have a course of lectures on CKM matrix by Y.Nir. I do not
want to interfere with his lectures but I'd like to mention one fundamental
property of CKM. In general case n X n unitary matrix can be represented
as the product of different orthogonal rotations dependent on n, angles

ny — %n(n ) (3.50)

and of the U(1) factors with n,;, observable phases
1
N, = a(n —1)(n —2) (3.51)

and of a number of nonobservable U(1) factors that can be absorbed into
redefinition of quark’s fields. So for three generation there is one observable
phase, i.e. charge currents contain complex couplings. This immediately
gives violation of CP-invariance. Till now it is unknown whether this is the
only source of CP-violation in the Nature. But in any case CKM mechanism
of CP-violation does exist.

3.5. Subtle point. Triangle Anomaly.

To have renormalizable theory of electroweak interactions it was abso-
lutely crucial to start from the gauge invariant theory where gauge bosons
interact with conserved Noether currents. Spontaneous violation of sym-
metry does not spoil any symmetric relations between operators. They are
exactly the same as in non-violent theory. The confusing notion of spon-
taneous violation means only nonlinear realization of the symmetry in the
space of physical states.

In the SM we operate both with vector and axial currents. For any axial
currents

gt = 0y,757
(3.52)
aujj = 2imUy; U
So naively for massless fermion axial current is conserved. But what is true

in Classical Field Theory can be not true in Quantum Field Theory. Indeed
one-loop calculation of the divergence of axial current for electrons gives
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instead of eq. (3.52)

Opjs = 2imVU s Ve + £ F, F,
(3.53)

1
Fu = 3€waplap

The term FF originates from matrix element of Oy jfj between vacuum and

two-photon states. y

~
So the axial current is not conserved even for m = 0. Not any classical sym-

metry can survive in Quantum Mechanics. This very interesting theoretical
phenomenon has special name — triangle anomaly.

In the SM there are plenty of axial currents that interact with gauge
fields. Though fermions are massless (no mass terms in the Lagrangian) the
anomaly can destroy the conservation of Noether currents and this will kill
renormalizability. There is one possibility to save it. We see from eq. (3.53)
that anomaly depends only on the ”charge” of particle that is running inside
loop. So if the total gauge current has different pieces it can happen that
nonzero individual anomalies cancel each other for total current.

This cancellation imposes some restrictions on the charges of quarks and
leptons. Let us check this possibility. We will calculate the triangle matrix
elements between fields AL and B,. There are two crossing diagrams that
contribute to anomalous interaction between 3 gauge fields.

)

s

Consider first the anomalous contribution of one generation of matter. It
is easy to see that:
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1) (A, A, A) and (A, B, B) anomalies are automatically disappeared for
lepton doublet and for quark doublet separately.
2) (B, A, A) anomaly is disappeared if

Qe +2Qu+Qu=0, (3.54)

i.e. quark contribution cancels lepton contribution only for this special re-
lation between charges. This relation means that hydrogen atom has to be
neutral!

It is very interesting that renormalizability of the SM takes place only if
the charge of proton is opposite to the charge of electron.

We can proceed further and consider other anomalies. At that moment
we have to make some statement about vg. Suppose first that it does not
exist at all. In this case:

3) Cancellation of (B, B, B) anomaly takes place only if

Qe:_laQuzo;Qu:gan:_% (355>

3
(We suppose that QCD has SU(3). symmetry.)

4) Cancellation of (B — gluon + gluon) anomaly is automatic.

5) Cancellation of (B — graviton + graviton) anomaly takes place only
for the charge sample eq. (3.55). So we are able to fix the relative charges
of leptons and quarks in this case.

If vg does exist anomalies 3) - 5) are disappeared automatically for any
charge of neutrino.

Ezercise IV. Prove 1) - 5).

If we suppose that the new generations are the exact replica of the old one
(only masses are different, but the charges are the same) then we come to the
same conclusion for each generation. If we allow to change the charges from
generation to generation the restrictions on the choice of charges becomes
weaker. But in any case it is very interesting that renormalizability impose
restrictions on the property of matter fields.
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Lecture IV. Higgs, W and Z.

Higgs boson H is the only missing particle in the Standard Model. The
interaction of H with gauge bosons Z, W and photon 7 is fixed by gauge
invariance of the SM. There is no freedom in this interaction.

As for the Yukawa coupling constants of H with quarks and leptons they
are free parameters of the theory. Yukawa coupling constants determine the
masses of quarks and leptons, the mixing CKM angles and CP-odd phase.
We do not understand yet why these parameters of SM have given value and
not another one. So we have to take it from the experimental data.

A little can be said about Higgs particle. In this lecture we are going to
discuss this isoteric subject.

4.1. Higgs Sector. Custodial symmetry of Higgs Potential.
The Higgs potential in the SM

V(H) = %(H*H - %2)2 (4.1)

+

has been constructed to be SU(2) x U(1) invariant. Here H = (go) is

SU(2) doublet with Yz, = 1/2, H" H is singlet. So SU(2) x U(1) symmetry
is absolutely evident.
In the unitary representation

H(x) = exp[iaa(:p)%] < %(77 E o)) ) (4.2)

SU(2) x U(1) transformations change three Goldstone fields «,(z) and do
not change the modulus p(x). Potential V' (H) in this representation depends
only on the modulus p(x):

V(H) = V(p) = 3G @) + s + 20 (4.3)

Potential (4.1) has minima at nonzero value of H. Quantization near one

of such minima
1 0
< H >, 0= — 4.4
50 Y
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spontaneously violates SU(2) x U(1) symmetry up to the U(1) symmetry
that remains unbroken.

In the SM the v.e.v. 1 is connected with Fermi coupling constant G g (see
previous lecture) and is equal numerically to

n = 246 GeV .

In the unitary representation potential V'(p) eq. (4.3) has 3 terms: quadratic,
cubic and quartic ones. The quadratic term determines the mass of Higgs
boson

1
my = 5)\772 (4.5)

and cubic and quartic terms determine self-interaction of Higgs bosons.

In general theory the mass and the self-interaction are independent pa-
rameters but not in the SM. Potential (4.1) depends only on two parameters 7
and A. So the Higgs boson mass completely fix the strength of self-interaction.
For example the lower bound for my from LEP II experiment

mpy 2 90 GeV (4.6)

can be immediately transformed into lower bound for self-interaction coupling

2 2
Tt > 0.27 (4.7)
1

A:

For large mpy the interaction of Higgs bosons becomes getting strong
A 2 1. In this case one should worry about large corrections to the low-
energy observables, say to the ratio my/m.

Naively one can expect that for A\ ~ 1 the corrections are of the order
of unity and that in this case the SM looses its predictive power. Fortu-
nately this naive expectation is not correct and corrections to electroweak
observables at low-energy (i.e. to LEP observables) are small even for heavy
Higgs bosons. The reason is very subtle and beautiful. There is hidden sym-
metry of Higgs that preserves low-energy observables from large corrections.
This is custodial SU(2) x SU(2) symmetry. Potential (4.1) that looks like
SU(2) x U(1) invariant possesses larger SU(2) x SU(2) symmetry.

To find this symmetry it is convenient to rewrite (4.1) using new repre-
sentation for doublet H:

H:(%):(woﬂmra)(?):(Zfzg) (4.8)
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where my and 7, are real scalar fields. At first sight we have done nothing
but changed a little bit the notation for H* and H°. It is true, but in this
new notation HH looks like a scalar product of four-vector 7, = (m, 7,).

Indeed
+ . R s 0 ) -2

H'™H = (0,1)[ro — iwT][mo + 177] 1) =TT =T (4.9)

2

The quadratic form 7,7, = 73 + 72 is invariant with respect to O(4)
orthogonal transformation and O(4) group can be presented as

0(4) = SU(2) x SU(2) . (4.10)

So for one Higgs doublet H any SU(2)xU (1) invariant potential V(H T H)
is SU(2) x SU(2) invariant as well.

After spontaneous violation of symmetry the field my gets nonzero v.e.v.
and surviving symmetry is O(3) rotational symmetry between different com-
ponents of 7; or as a rotational symmetry between Goldstone fields «;:

ai(z) = a;(z) = Oy0;(w) (4.11)

This O(3) symmetry is custodial symmetry of Higgs potential.
The immediate consequence of the existence of the custodial symmetry
is that the relation between my, and mz

mw /mz = cos 6 (4.12)

is correct to any order of A\. On other words there are no corrections of
the order of A%, A3 etc. that could charge the prediction (4.12) by order of
magnitude for A 2 1. Why?

If we start the calculation of the corrections of the order of A2, A3 etc. to
the effective action we immediately find such large corrections to the v.e.v.
n and to the wave function renormalization Z of Goldstone fields «;. (Wave
function renormalization of gauge fields and gauge coupling constants are
proportional to the square of gauge coupling constant and is considered as
the small corrections.) Due to O(3) custodial symmetry (4.11) of the selfin-
teraction the renormalization of the Goldstone fields should be the same for
each of the components a;(z), so that renormalized fields a®(z) are trans-
formed as a vector under O(3) custodial symmetry

al(z) = 2'2a5 (x) (4.13)
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where @ are bare Goldstone fields. This is the central point. Indeed since
aB(z) is a O(3) vector it can be eaten by gauge transformation. In this
gauge (unitary gauge) the renormalized effective action looks like the bare
action that we considered in section 3.1. The only difference is that the Higgs
vertices, the Higgs field p(x) and v.e.v. 7 are renormalized by self-interaction
in the order of A', A2 ... So in this approximation we get that

mﬁ/ = (WQW)TIR

m% = (raz)n®? (4.14)
(see egs. (3.19) and (3.20)) and that

miy /my = aw /oy = cos Oy

This relation is valid in any order of !

If we switch on the coupling constants g and g; and consider the correc-
tions of the order of o, a), aA?, ... the custodial SU(2) x SU(2) symmetry
will be broken and we can expect the correction of the same order a;, aA,
a)?, ... to the ratio my /mz and to other observables. These corrections do
exist. They are of the order of two-loop electroweak corrections if the Higgs
boson mass is not much larger than myy, z

2
A~al (T
aW. NQW S
mz

These small corrections will be studied in the next lecture.

4.2. Unitary Bound on Higgs mass.

Coupling constant \ of selfinteraction and the mass m?% are independent
parameters in the general theory but in the SM they are proportional to each

other
my = \/7 N~ \/7 246 GeV) (4.15)

If mpy > mw, z the SU(2 ) gauge theory looks like the old-fashioned
theory of massive vector partlcles that is nonrenormalizable one. In non-
renormalizable theories scattering amplitudes grow with energy and violate
unitary bounds at some value of energy. Consider for example the scattering
of W boson on Z boson. There are three types of diagrams that contribute
into this process.
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VA 7 7 Z A VA
la 1b le

It is clear that for my — oo the diagrams (1c) goes to zero as 1/m?% and
the remaining two diagrams (la,b) are the same as in the theory of massive
W and Z without Higgs mechanism.

We are going to demonstrate that these two amplitudes for longitudinally
polarized W, and Zj, linearly grow with s, where s is square of the energy in
the c.m.f. Indeed any polarization vector of massive vector particle satisfies
the condition

e, (P)pu =0 (4.16)
For momenta p, = (£,0,0,p) the solution of eq. (4.16) with longitudinal
components is

1
(p,0,0,¢) ~

1%
£ = —
. () o~

— = (4.17)

i.e. longitudinal component grows with energy. So any of the diagrams la,b
is of the order of

82

A b1 b2 D3 yz
mp ~ ( )( ~ S
mwy Mz My My my,my

(4.18)

So in general theory of massive vector particle the scattering amplitude
Wiz, — WrZ;, grows quadratically with s. In the loops this dependence
transforms into divergence of the loop integrals and this is why the theory of
massive particle in general is nonrenormalizable.

But SM is a very special theory because it is gauge invariant. The sum
of the diagram la and 1b (and the diagram lc itself) is gauge invariant. It
means that gauge boson interacts with conserved Noether currents. Consider
for example the interaction of incoming W:

Tio + T = gwe,) (p1) < Z,W|JY|Z > (4.19)
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where < Z,W|, < Z| represent the physical states of remaining particles.
Since the JXV is conserved current any matrix element of J::V should be
transversal

(p1)u < |73 (p1)] >=0 (4.20)

It means that in the case of the theory of massive particles with gauge-
invariant interaction the sum of two diagrams la and 1b eq. (4.19) should be
transversal with respect to W-boson momenta (p),. If so the most dangerous
term ~ pb /my in polarization vector sZV gives zero contribution and the
remaining terms ~ myy /e gives

"W < 1T ZW s () (421)

E’""m m?

The natural idea now is to kill in the same way the dangerous terms for
polarization vector of two W -bosons and to prove that amplitude does not
grow with energy. Unfortunately our trick works only once. The interaction
of the W-bosons with corresponding conserved currents look like

(Tha + Thp) ~ (

Tho + T = giQ/VEZV(pl)EXV(p?,) /d4x1d4x26_ip1$1eip3$3 X

x < Z|IT{V " (21) ) (23)} Z > (4.22)

where T'{} is the T-product of two currents. Just because currents in non-
abelian theory do not commute the T-product does not allow to cancel py,
and p3, — dangerous terms simultaneously.

Exercise 1. Prove this technical statement.

So we conclude that amplitudes without Higgs exchange grows linearly
with s. Unitarity of the scattering amplitudes says that the any partial
amplitude is less than 1. So sooner or later this amplitude has to violate
unitarity bound. The value of energy /sy at which one of the partial waves
intersects unitary bounds varies both with angular momenta [ and from one
process to another one. We are not going to repeat the detailed calculations
made in literature. The result of these calculations gives

VS0 ~ 700 GeV (4.23)

To stop the growth of the amplitude we have to switch on the diagrams
with Higgs exchange. If we do it too late unitarity will be violated already.
So to prevent the violation of unitarity bound

my S 700 GeV . (4.24)
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What is wrong with heavy Higgs? Actually the violation of unitarity
that we found for tree diagrams means that the coupling constant becomes
strong and that we can’t restrict ourselves by calculation of tree diagrams,
we have to include all loops and to calculate the whole infinite series in A.
We do not know how to deal with strong interaction. So the bounds (4.22),
(4.23) and (4.24) say that for my < 700 GeV the theory can be treated
perturbatively and for heavier Higgs we have a theory of strong interaction
and we can’t calculate WZ — W Z scattering theoretically. It is interesting
to note that the attempts to work in strong coupling regime (e.g. using
computer simulation for the Higgs theory on the lattice) demonstrate that
the bound (4.23) and (4.24) is very stable, i.e. it takes place even for strong
interacting Higgs.

4.3. Effective potential. Stability of the Universe and Bounds
on mpyy.

The Higgs potential in the SM

)\ 2
Va(H) = SH - %HQ (4.25)

has minima that corresponds to nonzero v.e.v. of field H: < H >.= 1.
Loop corrections change self-interactions of Higgs particles.

The effective potential that takes into account loops corrections was cal-

culated by Coleman and Weinberg in 1973. In one-loop approximation it
looks like

Vea(H) — Va(H)

1 [m} +6mfy, +3my 12m} H?
m m

= H'ln— (4.26

642 nyp (420
where we have neglected by small contributions from fermions other than
t-quark. Note that due to Fermi-Dirac statistic the contribution of fermion
loops has opposite sign in compared to the bosonic loops.
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Figure 2:

It is clear that corrections (4.26) become more important than the main

m

classical potential (4.25) for very large field H when (;)4 InH z (%)2

In one-loop approximation we get that the correction (4.26) has negative
sign if my < v/12m,. For this case the effective potential has no ground
state(see fig. 2).

So even if our system was located first in the local minima at < H >=1n
it will decay at ¢ — oo and the average value of field H will run to infinity.
We know that nothing like that has happened with our Universe that is near
1019 years old. So the stability of the Universe imposes strong constraints on
the masses of top and Higgs particles.

We should improve a little our one-loop formula (eq. (4.26)). For large
H one-loop logarithmic corrections Aln H and ay In H are of the same order
as tree terms, two-loop double-logarithmic terms are of the order of one-
loop terms etc. So all these logarithmic terms should be taken into account.
Fortunately this technical problem is not very difficult- renormalization group
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techniques help to sum up such corrections. The result is
1 1
Ve (H) = —§,u2(t)H2(t) + Z)\(t)HA‘(t) (4.27)

where A(t) and u(t) are running parameters and ¢t = In H/n. For small value
of t (i.e. for small value of field H ) the running parameters do not run far
away from their classical values and the effective potential is equal to the
classical one with the accuracy of small radiative corrections. For large H
we can forget about p?H? and the whole dynamics at large H is governed
by running coupling constant A(¢). There are different contributions into dif-
ferential equations for running A(¢), coming from the loops with top quarks,
vector bosons and Higgs boson itself. If the top quark contribution domi-
nates, i.e. the higgs coupling to top (i.e. the top mass) is large, A(t) changes
sign (see fig. 3) and the vacuum becomes unstable. This is reformulation of
the phenomena that we had at one loop level.

If the Higgs selfinteraction dominates, i.e. the Higgs mass is large, then
the evolution of () is similar to the evolution of coupling in the H* theory
without other fields. It is known that in this case the behavior of A(¢) is

Alto)

A = 1= bA(to) In -

(4.28)

and running coupling goes to infinity at some finite value of H (see fig. 3).

H=A.

This is the Landau pole in the running coupling constant. When initial
condition A(p) (i.e. the value of Higgs mass ) increases the value of Landau
pole goes done. If we substitute this running coupling constant into eq.(4.27)
we get that the effective potential runs to infinity at this value of H as well.
This is some new phenomena.

Such singular behavior of the coupling constant is unacceptable from
the physical point of view. Indeed for any finite value of the bare coupling
constant A? (AP is equal to the running coupling A(t) at the cut-off A) we get
that renormalized coupling constant (i.e. A(¢) at low value of t) is equal to
zero. It means that at low energy we get trivial free theory. This pathological
theory seems to be unphysical.

There are two possibilities to improve bad behavior of A(t). The first one
is so to say dynamical. For A ~ 1 the multiloop corrections and nonper-
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turbative corrections change A(t) at large ¢ so that Landau pole disappears.
This is the possible solution of the problem in the strong coupling regime.

Another solution can be reached in perturbation theory if some new
physics (i.e. new interactions and new particles) contribute into A(t) at scale
near A so that pole disappears.

If we believe that there are no new physics up to some scale (or that the
theory can be treated perturbatively up to this scale) we have to push the
position of Landau pole A (calculated in one-loop approximation eq. (4.28))
to higher scale. This impose upper bound on the value of Higgs mass. So we
have bounded my both from above and from below. This remarkable line of
reasoning was invented by Cabibbo et al. in 1979.

There are different choices for the parameter A. For example A can be of
the order of Planck scale

A~ Ap =10Y GeV |
or of the order of Grand Unification Scale
A ~ Agyr = 10" GeV
or of the scale of the energy of the accelerator of the next generation

A~ 10° —10° GeV .

93



15
N=10 GeV

220

M H Landau Pole

180
140
100

Unstable vacuum

60

20

40 60 80 100 120 140 160 180 200

Figure 4:

We have to keep in mind all these possibilities. It is evident that for the
strongest assumption that new physics does not appear up to the Planck
scale we should get the strongest upper bound for my.

To derive more quantitative results we have to solve differential equa-
tion for the running coupling constant A(¢). The renormalization of A(t)
depends on self-interaction coupling, on gauge coupling and on Yukawa cou-
pling constants. So we have to solve the whole system of coupled differential
equations. This can be done numerically with the help of computer. The
result of calculation for A = 10'® GeV is presented in the fig.

This is so to say the phase diagram in the plane m; and mpyg. Allowed
region is located between two curves, the lower region corresponds to unstable
vacuum and for the parameters in the upper region Landau pole appears at
the scale lower than A = 10'® GeV. For experimental value of m; ~ 175 GeV
the allowed region for mpy is very strong

170 GeV < my < 190 GeV (A = 10" GeV).

For A ~ 10° GeV the upper bound is much weaker.
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4.4. Basic properties of W and Z bosons.

The interactions of gauge bosons with quarks, leptons, Higgs bosons and
with gauge bosons itself are determined by the principle of gauge invariance.
In this section we are going to calculate the partial widths of W and Z boson.

According to eq. (3.21) we write the amplitude of the Z-boson decay into
fermion-antifermion pair ff in the form

T(Z— [f)= %Za‘i'f@\/% +94%75) ¥y (4.29)
where
gv =T —25°Q’
ga=T{
and
s=sinf, c=cosb.

With good accuracy we can neglect the masses of fermions and derive the
universal formula for any partial width of Z boson

Ty — ff)=Tolgv + 9] , (4.30)
where I'j is the standard width:

3
T = SEMZ _ 530 Mev (4.31)
6271

For neutrino we have

1
gv = gda = 5 )
so that
3 1 1
Lino = > T(Z — ;1) = 3 - FO(Z + Z) — 498 MeV . (4.32)

This is theoretical prediction for the decay of Z boson into invisible modes.
For the decays to any of the pairs of charged leptons we have

ga = 3
gv = (~5)(1 — 45
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and
1
[,=01(Z—1Il)= Z[l + (1 — 45?1y ~ 83.47 MeV (4.33)

Note that for s? ~ 0.2320 the vector coupling gy for charged lepton is a very
small number!
For the decays into any of five pairs of quarks we have

I, =T(Z — qq) = 3To[g3Ra + gy Rv] (4.34)

where the factor 3 is due to three color of each quarks and the factors R4 v
are due to exchange of gluons between quarks in the final state. In the first
order of strong coupling &, = a(q* = M%) they are equal

Ri=Ry=14+% (4.35)
m
As a result
11 4,
I';, = T'(Z — hadrons) = 3[ {2[1 + (5 — 35 )+
P 2)2]} 1+ %) — 167601+ 2y MeV  (4.36)
4 973" T x) e '

The numerical value of &, found from deep-inelastic processes is of the order
of &5 ~ 0.119. So the corrections due to strong interaction in the final state
are of the order of 4%.

For the total width we have

It =T, + 30, + T, ~ 2488.5MeV (4.37)
that should be compared with the experimental LEP and SLC value
'y =2493.9 + 2.4 MeV . (4.38)

Though the agreement between I')?, calculated in the tree approximation,
and 'Y is very good the experimental accuracy is better. So we have to
improve the accuracy of the theoretical calculation and to take into account
the radiative corrections (see lecture V).

Consider now the decays of W boson. According to eq. (3.23) the ampli-
tude of W decay into ;1 can be written in the form

T(W — il) = Wa(l7a(1+75)v) (4.39)

e
2v/2s
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Neglecting leptonic mass we get
1
627

Consider now the hadronic decays of W-boson. The decay width into top
quark is equal to zero since top quark is heavier than W-boson. With good
accuracy we can neglect the masses of other quark. In this approximation

(W — D) = G, miy ~ 226 MeV . (4.40)

['(W — hadrons) = 3 - 2I'(W — ep) (4.41)

where factor 3 is due to color of each quark and factor 2 is due to two quark
channels of W decay.

Ezercise: Prove that in massless approximation hadronic width eq. (4.41)
does not depend on the CKM angles.
In this approximation the theoretical prediction for the total width is

T ~ 9T(W — iyl) ~ 2.03 GeV (4.42)
that has to be compared with the experimental value
'y’ ~2.06 £0.06 GeV . (4.43)

As it was expected the agreement is of the order of percent. The experi-
mental accuracy is of the same order.
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Lecture V. Radiative Correction in SM.
Hunting for virtual ¢-quark.

5.0. Z-physics at LEP and SLC.

To test the predictions of the SM the huge ”factories” of Z-bosons (ete™
colliders) were constructed of CERN (LEPI) and at SLAC (SLC). Electrons
and positrons in thus colliders collide at the centre of mass energy equal to
the Z-boson mass. The reactions that are studied can be presented in the
form

ete” =7 — ff

where
- Vv invisible modes
ff=41 charged leptons
qq hadrons.

The LEPI was terminated in the fall 1995 in order to give place to LEP II.
Four groups — collaborations ALEPH, DELPHI, .3, OPAL — have collected
near 2 - 107 Z-bosons. The SLC has worked from the fall 1989 till the fall
1998. The SLD detector recorded near 5 - 10° Z-bosons. The electrons in
the SLC were longitudinally polarized so that SLD group could provide very
high precision data having relatively low statistics. More than two thousand
experimentalists and engineers and hundreds of theorists participated in this
unique project — one of the largest project in the history of physics.

Near the dozen of independent observables were measured with fantastic
precision of the order of 1072 (107 for the case of Z-boson mass). The
scale of the radiative corrections in the SM is of the order of ayy z/m ~
102 — 1073. Therefore LEP-I and SLD data provide precision test of the
SM as a renormalizable field theory, i.e. with loops included.

The theoretical study of electroweak corrections in SM started in 1970’s
and was elaborated by a number of theoretical groups. Near 10? theorists had
published near 2 - 10® papers on radiative corrections (see e.g.ref.[2]). This
study has been summarized in Yellow CERN Reports of Working Groups
on precision calculations for the Z resonance in 1995 [3]. The deviations
in theoretical calculations of different groups are by the order of magnitude
smaller than the experimental uncertainties.
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By comparing the I';,,:sine With theoretical predictions for neutrino decays
the result of fundamental importance was established — the sequence of the
generations with light neutrino is completed with number of generation
Ny =3.

The best fit of the most recent data submitted to Vancouver (1998) con-
ference is presented at Table 1.

This fit gives

my = 171.6 £4.9 Gev

my = 159.17 53 Gev
ds(m.) = 0.119 £ 0.003

xX?/n.d.f. =16.4/15

The quality of this fit is very good. We conclude that the SM gives the
perfect description of Z physics. New physics can not improve the fit of LEP
and SLC data. Thus the Standard Model has been confirmed up to the loop
corrections. What is more important is that the loop corrections can be used
to gather data on the not yet discovered particle. For instance, even before
t-quark was discovered at Tevatron, its mass was predicted by analyzing the
loops and LEP-SLC data. The hunting for virtual top quark is a very bright
example of the collaboration of the theory with the experiment.

5.1. Decoupling of heavy flavors from Low-Energy
Physics in QED and QCD.

It is interesting to understand why in 1950’s nobody worried about the
contribution of top quark (and other heavy flavours) into magnetic moment
of the electron known with very high accuracy. The answer to this question is
that for ¢ ~ m, the corrections due to top quark are suppressed as a power of
(m?/m?) i.e. the contribution was negligible. In QED we have decoupling of
heavy (unknown) particles from the low-energy observables. Why? Consider
the contribution of t-quark into QED observables. The only diagram with
t-quarks in loop is the self-energy of the photon

[ (q) = i(0{7u(9), 5 (=4)}10) (5.1)
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Pulls from SM fit to all data

Measurement Pull Pull
DA 002 ¢

m, (GEV) 91.1867 £0.0021 .08
M, (GEV)  2.4939+0.0024 -.80
0%aar (Nb)  41.491+0.058 31
R, 20.765+ 0.026 .66

s 0.01683+0.00096 .72
A, 0.1479+0.0051 .24
A, 0.1431+0.0045  -.80
sinB5’  0.2321+0.0010 .54
m,, (GEV)  80.370+ 0.090 01
R, 0.21656+ 0.00074 .90
R, 0.1733+0.0044 .24

ob 0.0991+0.0021 -1.78

e 0.0714£0.0044  -.47
A, 0.856+0.036 -2.18
A, 0.638+0.040  -.74
sin“B5f " 0.23101+ 0.00031 -1.78
sin?6,, 0.2255+0.0021 1.06
m,, (GEV)  80.410+ 0.090 45
m, (GEV) 173.8£5.0 .50
1/ 128.896+0.090  -.04

x°/dof=16.4/15
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where j,(q) is the electromagnetic current of t-quark. Self energy has dimen-
sion 2: [II,,] = m? So one can expect that there exit terms of the order
of

2
I, ~ am;gu

This expectation is wrong in the case of conserved currents

Quin(q) =0 (5-2)

Indeed for conserved current the self-energy operator should be transversal
qu1l,, = 0. So

,(q) = (4ud® — 4u9.) (), (5.3)

Equation (5.3) implies that the photon remains massless. The scalar function
I1(¢?) has dimension zero and the only possible contribution of t-quark into
I1(¢?) can be written in the form

2 A?

II ~aln ——

(¢7) R
where A is cut-off. The self-energy keeps the memory of heavy flavours!

The crucial step is renormalization. For instance consider the Coulomb

scattering. If we take into account the infinite chain of self-energy contribu-

tion into the photon propagator we get for Coulomb amplitude

e3(A)
TCoulomb = — s 5.4
Couns = 1+ 1)) o4
At low ¢? we reproduce the Coulomb-low
2
€phys
T = % (5.5)
with
2
2 ep(A)
= 5.6
ephys 1+ H(O) ( )
When we rewrite the amplitude (5.4) in terms of €2, . we get
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2

~ Cphys
= P+ Tie) — 1) o0

As a result:
1) the dependence on cut-off A disappears

Al = TI(¢*) — TI(0) ~ aln ——L—;
¢

2) the contribution of heavy flavour is suppressed as a power (¢*/m?):

2
All ~ —a (q_) — 0.

my

This is the sample of the famous decoupling theorem. It works for the theories
with conserved vector currents.

5.2. Non-decoupling of chiral matter.
Heavy Flavor contribution into electroweak observables.

In the Standard Model the left components of ¢- and b-quarks belong to
SU(2)w doublet representation: @ = (Zi) Therefore for the case when
m; > m,;, and for small energies F# < m; we have effectively the explicit viola-
tion of SU(2)w symmetry. For the virtual momenta g ~ A ~ m; theory looks
like the old nonrenormalizable theory. It mean that one-loop corrections di-
verge quadratically §; ~ aA?/m?%, two-loop corrections diverge quartically
5y ~ (aA?/m%)*. So we expect that the corrections to the low-energy ob-

servables due to top contribution are of the order of

51 ~ Oéwt

52 ~ OZIQ/VtQ

where t = m?/m?, i.e.corrections are not suppressed, they grow with top
mass m;. Heavy flavours are not decoupled from the low-energy observables
for the chiral matter. As a result the radiative corrections in the SM are
sensitive to the top contribution.

Consider for example the ratio of gy and g4 for the decay Z — II. It is
rather simple exercise to calculate this ratio

62



qv 9 3a
fi <9A>l T (@ =9 (t+0Ve) (58)

The linear term ~ t originates from different self-energies with top quark
in the loops and 0Vg is the contribution of the rest of the diagrams (a few
dozens ones) that do not depend on t.

If we compare experimental value of ¢

1P ~ 3.7

with experimental value of (t + dVg)

(t + 6VR)™P &~ —0.49 & 0.32

we find that the constant terms are as much important as a linear term.
So we have to perform the accurate calculation of the whole set of one-
loop diagrams.

5.3. Radiative corrections in SM.

a) Strategy.
There are 3 steps in the calculations of the radiative corrections.

1) Calculate all observables in terms of base parameters g2, ¢&, n® and
cut-off A.

2) Find 3 basic observables and express base parameters in terms of these
3 physical observables and cut-off A.

3) Substitute these expressions into formulas for other observables. De-
pendence on cut-off disappears.

b) Basic parameters.
It is reasonable to calculate observables in terms of quantities that are
known to the highest degree of precision.

a~t = 137.035985(61)
G, = 1.16639(2) - 10 °Gev? (5.9)

myz = 91.1867(21)Gev
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c¢) The Choice of Born approximation

In contrast to a(g?) that is running coupling constant, the two electroweak
coupling constants az(¢?) and aw (¢?) are not "running” but ”crawling” for
2 < 2
q° < m3.
The natural scale for electroweak physics is ¢> = m%. Therefore it is
evident that @ = a(m?%), not a = «a(0) is relevant parameter in electroweak
physics. The value of & is less accurate.

a = a(m%) = [128.896 £ 0.090] ! (5.10)

With this parameterization it is convenient to introduce the weak angle
0 by the relation
T

G,=———— 5.11
I \/§m2ZS2CQ ( )

2 =sin?0, ¢® = cos?H. Numerically

where s
s =0.2311(22) (5.12)

d) Basic relations for electroweak observables.
A simple calculation gives the following result for one-loop electroweak
corrections in the case gluon free observables:

mw 3a
1 t+ 0V,
myz ‘Tt 32ms?(c? — 52)< N )
1 3a
- - 1
gai 2 64ms2c? (t+0Va) (5.13)
Ri=(gv/ga) =1—4s"+ (t+0Vr)

4m(c® — s?)

There are a few diagrams that contribute into leading term ~ ¢ and there
are dozens of them for nonleading §V'.

The hadronic decays of Z are more sensitive to the value of the gluonic
coupling constant a.

. G,m3
I'(Z —qq) = 25/5; (03R4 + g% Ry] (5.14)
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The "radiator” R4y contain QCD and QED corrections caused by the
final state emission and exchange of gluons and photons. The are hundreds
diagrams that contribute into R4 v .

5.4. Hunting for virtual top. Great success.

A comparison of the experimental data with the result of theoretical cal-
culation eq.(5.13) led to the prediction of the t-quark mass m;.

m; = 180(5)13  Gew

where the number in parentheses is the uncertainty due the uncertainties of
the data. The center value corresponds to the assumption that my = 300
Gev, the upper and lower ”shifts” correspond to my = 1000 Gev and 60
Gev, respectively.

The best fit of all observables gives

(my) ~173.8 £ 5.3 Gev

These numbers are in perfect agreement with the recent direct measure-
ment of the top-quark mass by two collaboration at FNAL

my, = 173.8+ 5.0 Gew.

5.5. Hopeless hunting for virtual Higgs.

Consider the limit of very large Higgs boson mass my. For F < mpy
we have SU(2) symmetric theory of massive gauge bosons, i.e. effectively
nonrenormalizable theory. As I explained in the Lecture II due to the gauge
symmetry the leading divergence of the loop disappears. So the one-loop
corrections diverge logarithmically

2 2

m

H

51 NOZWIHW NO{WIHW =
A A

aw Inh

two-loop corrections diverge quadratically

A2
(52 ~ 06‘2/[/ (W) ~ OZIQ/Vh
Z

2 o2
Here h = m3,; /m3.
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This is the famous Veltman screening theorem. The weak dependence of
radiative corrections on h results in a rather poor accuracy for my derived
from the precision data. The central value of my from the fit should not be
taken seriously. It is very unstable. Any tiny corrections or any change of
the parameter can shift it by the order of magnitude.

The one sigma upper bound is more reliable. According to the recent fit

my < 280Gev 95% c.l.

It seems that the fit of the precision data is not the best way for hunting
for Higgs boson.
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